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A rich literature exists on constructing nonparametric estimators with
optimal asymptotic properties. In addition to asymptotic guarantees, it is of-
ten of interest to design estimators with desirable finite-sample properties,
such as reduced mean-squared error of a large set of parameters. We pro-
vide examples drawn from causal inference where this may be the case, such
as estimating a large number of group-specific treatment effects. We show
how finite-sample properties of nonparametric estimators, particularly their
variance, can be improved by careful application of penalization. Given a
target parameter of interest, we derive a novel penalized parameter defined
as the solution to an optimization problem that balances fidelity to the orig-
inal parameter against a penalty term. By deriving the nonparametric effi-
ciency bound for the penalized parameter, we are able to propose simple
data-adaptive choices for the L1 and L2 tuning parameters designed to min-
imize finite-sample mean-squared error while preserving optimal asymptotic
properties. The L1 and L2 penalization amounts to an adjustment that can
be performed as a postprocessing step applied to any asymptotically normal
and efficient estimator. We show in extensive simulations that this adjustment
yields estimators with lower MSE than the unpenalized estimators. Finally,
we apply our approach to estimate provider quality measures of kidney dial-
ysis providers within a causal inference framework.

1. Introduction. In many settings it is of interest to define and estimate a large set of
related statistical parameters. This is often the case in causal inference, where one may wish
to estimate a large set of related treatment effects. For example, in studies of an intervention
applied in multiple sites, one may wish to estimate both the average effect of the intervention
marginally across all sites as well as the average effect within each site; here, there are as
many statistical parameters as there are sites. When there are many sites, estimating the site-
specific effects may be challenging; this is especially true when there are sites with few data.
Another salient example arises in healthcare provider profiling applications in which many
healthcare providers are evaluated based on their patient outcomes. A more general example
is determining the importance of a large number of variables in a prediction model, which
may involve estimating a large number of variable importance measures (Williamson et al.
(2021)).

When estimating a set of statistical parameters in real-world scenarios, there is not typ-
ically sufficient mechanistic knowledge to justify the use of parametric models. Nonpara-
metric, data-adaptive approaches are instead warranted. For example, the relationship be-
tween patient health outcomes, patient characteristics, and healthcare provider characteristics
is highly complex, and cannot be accurately described by a simple (e.g., linear) relationship
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between variables. In order to avoid such strong assumptions, we prefer to work within a non-
parametric framework in which we seek to estimate low-dimensional statistical summaries,
such as a set of treatment effects, of an infinite-dimensional nuisance parameter, such as the
set of all probability laws defined on the support of the data.

We guide the development of our estimators using semiparametric efficiency theory, which
characterizes lower bounds on the asymptotic performance of nonparametric estimators.
Based on foundational work by Hájek (1969/70, 1972) and Le Cam (1972) and further de-
veloped by Pfanzagl and Wefelmeyer (1985), van der Vaart (1992), Bickel et al. (1998),
among others (see van der Vaart (1998), Chapter 25) for an overview), this theory extends
classical efficiency results for finite-dimensional parameters of smooth parametric models to
the functionals of nonparametric, infinite-dimensional nuisance parameters. A key result is
the convolution theorem, which establishes that the optimal limiting distribution for regular
nonparametric estimators is Gaussian with covariance determined by the efficient influence
function (EIF) of the functional. The EIF plays a similar role as the Fisher information for
parametric models, which characterizes the parametric efficiency bound through the Cramér–
Rao theorem. Thus, characterizing the form of the EIF for a statistical functional is a key
task, as it characterizes the efficiency bound for estimating the functional in a nonparametric
model.

Remarkably, several nonparametric estimation strategies have been developed for con-
structing nonparametric estimators that achieve the semiparametric efficiency bound; these
include one-step estimation, targeted maximum likelihood estimation, and estimating equa-
tions, among others (Pfanzagl and Wefelmeyer (1985), Bickel et al. (1998), Tsiatis (2006),
van der Laan and Rubin (2006); see Kennedy (2024) for an accessible review). These esti-
mators are typically built using the form of the EIF for the target statistical functional. Thus,
deriving the EIF is useful for another reason: it both characterizes the efficiency bound and
provides a path toward constructing estimators that achieve this bound.

Semiparametric efficiency theory, including the convolution theorem, provides an asymp-
totic theory of optimality for nonparametric estimators. However, we may wish to design
estimators with additional finite-sample properties. For example, it may be desirable to find
an estimator for a set of parameters for which each individual estimator may be biased in
finite samples, yet the mean-squared error defined jointly over the set of parameters is lower.
A related goal may be to find an estimator that has lower joint finite-sample mean-squared
error and simultaneously summarizes the parameters in a useful way, for example, by intro-
ducing sparsity. That is, it is often desirable to have estimates that are not “meaningfully far
from zero” shrunk identically to zero (where what it means to be “meaningfully far from
zero” requires careful formalization). Ideally, an estimator would have these finite-sample
properties while still achieving the asymptotic optimality given by the convolution theorem
in which the limiting distribution is gaussian with variance given by the variance of the EIF.

In this paper we investigate how penalization can be used to construct alternative estima-
tors with useful finite-sample properties, such as improved finite-sample variance and spar-
sity, while nonetheless having optimal asymptotic properties. First, we propose a general
theoretical framework for defining penalized parameters. Our framework defines a penalized
parameter as the solution to an optimization problem that balances fidelity to the original
parameter (as measured via an arbitrary loss function) and an arbitrary penalization term.
Our framework, therefore, encompasses penalized parameters defined using squared-error
loss functions and L2 and L1 penalties, aping Ridge and Lasso regression, respectively. In
practice, we allow the degree of penalization to depend on the sample size, with the goal
that as sample size goes to infinity the penalized parameter converges to the original param-
eter. The penalized estimator, therefore, inherits the favorable asymptotic properties of the
original estimator. We provide three examples to illustrate our proposals. First, we examine
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FIG. 1. Example based on simulated data illustrating our penalized estimators applied to estimating group-
specific average treatment effects. The true group-specific average treatment effects in each group are shown by
the crosses. The estimated effects (point estimates and 95% confidence intervals) for each group are shown based
on a double-robust targeted estimator (first point in each group), an L1 penalized estimator (second point), and
an L2 penalized estimator (third point) for small, medium, and large sample sizes.

a nonparametric linear association parameter with which we directly compare our approach
to traditional penalized regression methods. Second, we use as further examples two causal
inference parameters: group-specific average treatment effects and indirectly standardized
outcomes.

Next, we apply tools from semiparametric efficiency theory to derive a general form for
the efficient influence function (EIF) of the penalized parameter. The EIF characterizes the
efficiency bound of semiparametric estimators of the penalized parameters. Knowledge of
the efficiency bound allows us to derive data-adaptive choices of the penalization tuning
parameters in the L2 and L1 cases. Under these data-adaptive choices, for which the degree
of penalization depends on the sample size, we show that, as sample size increases, the EIF of
the penalized parameter converges to the EIF of the original parameter. Thus, asymptotically
our estimator recover the same limiting properties of nonpenalized nonparametric estimator.
Furthermore, the asymptotic results lead to construction of asymptotically valid statistical
inference on the original target parameter of interest, including the construction of confidence
intervals. As such, our method amounts to a finite-sample correction of the point estimate
designed to yield lower variance at the cost of introducing (finite-sample) bias. Practically
speaking, we show that this penalization procedure can be applied as a postprocessing step
to the estimates yielded by any asymptotically normal and efficient estimator of the target
parameter. This makes our methods easily applicable to the outputs provided by standard
statistical software.

Our approach is illustrated using simulated data in Figure 1. Data are simulated for a trial
of an intervention applied in multiple groups; for example, it could be a treatment intervention
in multiple hospitals. The simulation is designed such that the true treatment effect for each
group is uniformly distributed between −1 and 1. For three simulated datasets with increasing
sample sizes, we first applied a doubly robust targeted causal inference estimator separately
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within each group to estimate the group-specific treatment effects (referred to as no penalty in
the figure). We then applied our proposed methods to estimate L1 and L2-penalized group-
specific treatment effects. At the smallest sample sizes, the penalized estimates are shrunk
toward zero, which improves the quality of the estimates. The L1-penalized estimates are
in some cases shrunk exactly to zero. Due to the data-adaptive choice of the penalization
parameter, as the sample size increases, the unpenalized and penalized point estimates (and
confidence intervals) converge to each other; as such, the penalized estimates inherit the opti-
mal asymptotic properties of the doubly robust unpenalized estimator. Simulations based on
a similar data-generating process are investigated in more depth in Section 6.

Motivating application. While our approach is applicable to a general class of nonpara-
metric parameters, the motivating application for this work is to estimate the performance
of healthcare providers in terms of patient outcomes, a task referred to as provider profil-
ing (Normand, Glickman and Gatsonis (1997)). A key challenge in provider profiling is to
adjust for differing case-mix across providers, which is also known as risk adjustment (De-
Long et al. (1997)). Indirect standardization is a standard adjustment method (Keiding and
Clayton (2014)) and can be described succinctly when framed as a causal inference problem
(Daignault and Saarela (2017)). In causal terms, indirect standardization compares the ob-
served outcomes of patients from a provider to their counterfactual outcomes had they been
randomly reassigned to another provider with a similar case-mix. Common methods for indi-
rect standardization leverage generalized linear models with either fixed or random provider
effects, with some debate over which to prefer (Kalbfleisch and Wolfe (2013), Yang et al.
(2014), Kalbfleisch and He (2018)).

There are two areas of improvement for provider profiling estimators that we address in
this work. First, the use of parametric models with linear functional form assumptions may
result in biased or underpowered estimators when such assumptions do not hold (Varewyck
et al. (2014), Susmann et al. (2025)), such as in scenarios where there are nonlinear rela-
tionships between covariates and patient outcomes. This concern motivates our adoption of
a nonparametric estimation framework leveraging flexible machine-learning algorithms for
nuisance estimation that do not require unrealistic functional form assumptions. Second, the
presence of providers with few observations poses challenges for estimation (Brakenhoff
et al. (2018)). In the generalized linear model framework, a way to stabilize estimation for
small providers is through the use of random, rather than fixed, provider effects (MacKenzie
et al. (2015)). The contribution of our work is to show how shrinkage estimation can be ap-
plied within a nonparametric framework to estimate provider profiling metrics and compare
the results to standard generalized linear modeling based approaches via simulations.

Prior work. The utility of shrinkage estimators that trade bias for variance is well known
through the famous example of the James–Stein estimator, which demonstrates that in a
certain normal mean model an estimator that scales unbiased initial estimates toward zero
dominates the unbiased estimator in terms of joint mean squared error (MSE; Stein (1956),
Efron and Morris (1977)). Similarly, James–Stein inspired estimators have also been derived
in other contexts, such as simultaneous equations and two-stage least squares (Maasoumi
(1978), Hansen (2017)). The original James–Stein estimator can also be motivated by em-
pirical Bayes arguments (Efron (2024)). Indeed, shrinkage estimators are a major topic in
empirical Bayes methodology (Armstrong, Kolesár and Plagborg-Møller (2022)); we draw
on such arguments to justify a simple modification of our L2 penalization method to allow
for adaptive shrinkage that depends on the precision of the individual parameter estimates.
Our overall project is distinct from empirical Bayes methods, however, in that we define our
parameters via penalization.

In another context, estimating regression coefficients with penalization in linear models
was popularized by various regularized regression methods including the Lasso, Ridge, and
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Elastic-Net, to name only several examples in a vast literature (Tibshirani (1996), Hoerl and
Kennard (1970), Zou and Hastie (2005)). These regression penalization methods yield es-
timators that trade bias for reduced variance, with a focus on improving predictive perfor-
mance. Depending on the penalization term, the estimates of the regression coefficients can
also be sparse, as is the case for the Lasso (using L1 penalization). A variety of methods have
been proposed for choosing the key tuning parameter controlling the strength of penalization
of the coefficients, including cross-validation and diverse in-sample estimators (see, e.g., Ta-
ble 4 of Imdad Ullah, Aslam and Altaf (2018) which details 20 such options). For example,
an early tuning-free method for ridge regression derives a simple form for the optimal degree
of penalization by minimizing MSE (Hoerl, Kannard and Baldwin (1975)). Our work has a
similar goal in that we seek to derive estimators of a penalization parameter that minimizes
MSE, but we are concerned with the MSE of the estimator of a vector-valued parameter
rather than that of regression model predictions. Our work also diverges from the penalized
regression literature in that we make no modeling assumptions, working rather in a fully non-
parametric framework. In addition, our focus is on inference for statistical functionals, rather
than on predictions, and our asymptotic results lead to straightforward constructions of con-
fidence intervals. On the other hand, statistical inference for penalized regression coefficients
typically depends on postselection inference techniques (Lee et al. (2016)).

In applied Bayesian methodology, shrinkage of parameter estimates is ubiquitous through
the application of priors. Bayesian shrinkage methods are appealing in that inference is avail-
able automatically via standard Bayesian arguments; for example, a common approach is to
shrink parameter estimates in linear mixed models by placing hierarchical priors on the model
coefficients. For treatment effect estimates in particular, Feller and Gelman (2015) advocate
for shrinking multiple effect estimates (such as group-specific effects) toward a common
mean and propose a parametric Bayesian modeling approach to that end. Our work has a
similar goal, although we approach the problem in a frequentist nonparametric framework.

In the context of causal inference, penalization has been previously investigated for es-
timating nuisance parameters that are involved in forming the final estimates of the causal
target parameters of interest (Smucler, Rotnitzky and Robins (2019), Shortreed and Erte-
faie (2017), Benkeser and van der Laan (2016)). However, achieving a desired bias-variance
trade-off for the nuisance parameters does not necessarily imply that the subsequent estimates
of the causal effects will share the same desirable properties. For example, using sparse re-
gression methods for the nuisance parameters will not necessarily imply that the causal effect
estimates are sparse. Our work takes a different approach by defining a new target param-
eter that incorporates the penalization. Nuisance parameters can be estimated using diverse
methods and are not limited to regularized regression methods, for example.

Our work can be seen as a specific form of nonparametric marginal structural model
(MSM) proposed in the context of causal inference. Nonparametric MSMs summarize a pos-
sibly high-dimensional set of target parameters by projecting them onto a lower-dimensional
working model. Such approaches have also been referred to as projection learners (McClean,
Branson and Kennedy (2024)). Semiparametric theory for a general class of MSMs is re-
viewed in Susmann and Chambaz (2023). Also closely related to our work is that of Ba-
hamyirou et al. (2022), who developed a penalized method for discovery of conditional aver-
age treatment effect (CATE) modifiers. The principal differences in our approaches lie in that
ours is fully general and applicable to a large class of parameters beyond the CATE, and our
results eschew any modeling assumptions, such as the linear marginal structural model, that
their work imposes.

Outline. The rest of the manuscript is organized as follows. In Section 2 we introduce a
general class of penalized parameters. In Section 3 we derive the semiparametric efficiency
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properties of this general parameter class. In Sections 4 and 5, we apply the results to param-
eters defined with L2 and L1 penalties, respectively. Simulation studies are included in Sec-
tions 6 and 7, and an application to estimating the performance of kidney dialysis providers
is presented in Section 8. We conclude in Section 9 with a discussion.

2. Framework for penalized parameters. Suppose we observe n i.i.d. draws O1, . . . ,

On of the generic variable O ∈ 𝒪 from a law P0. We assume only that P0 falls in the non-
parametric model ℳ (i.e., ℳ is the set of all probability laws defined on the support of O).
Let ψ : ℳ → ℝ

|𝒟| be a vector-valued parameter defined by ψ(P ) = (ψd(P ) : d ∈ 𝒟), where
ψd : ℳ → ℝ is a statistical functional indexed by d ∈ 𝒟. We assume throughout that the ψd

are sufficiently smooth so as to be pathwise differentiable, a concept introduced in the next
section.

Notation. Whenever there is a set or vector 𝒟, we will use the subscript ‘‘d” to denote the
dth element of the set, as in ψd for the dth element of the vector ψ(P ). When we make a
statement concerning “the ψd” we are applying the statement to all ψd for d ∈ 𝒟. For con-
venience we will use the subscript “0” to denote a parameter evaluated at P0, for example,
ψ0 = ψ(P0). We will also use the subscript “n′’ to signal dependence on n; for example, we
will write ψn to denote an estimator of ψ0. For a function f and P ∈ ℳ we write the ex-
pectation of f with respect to P as either EP [f ] or Pf = ∫︁

f dP . We may write expectation
with respect to the empirical measure as Pnf = n−1 ∑︁n

i=1 f (Oi). A reference table listing
key notation is provided in Section 1 of the Supplementary Material (Susmann et al. (2026)).

Now we introduce three examples of vector-valued statistical parameters. We will use these
parameters later to evaluate our proposed methods in simulation studies.

EXAMPLE 1 (Nonparametric linear association). Let O = (X,Y ), where X = (X1, . . . ,

XD) is a D-dimensional vector of covariates and Y ∈ ℝ is a continuous outcome. Denote
by X(−d) the vector containing all but the dth element of X. For each d ∈ 𝒟 = {1, . . . ,D},
define

ψd(P ) = EP

[︁
CovP (Y,Xd |X(−d))

]︁
,

where CovP (Y,Xd | X−d) denotes the conditional covariance of Y and Xd given covari-
ates X−d under the distribution P ∈ ℳ. Collecting these into a vector yields the parameter
ψ(P ) = {ψd(P ) : d ∈ 𝒟}.

Note that this parameter has the useful property that it can be estimated using linear regres-
sion in that in a main-terms linear regression of Y on X the coefficient estimate β̂d converges
to ψd(P )/EP [VarP (Y |Xd)]. This property will allow us to compare our methods directly to
penalized generalized linear models in simulations.

EXAMPLE 2 (Group-specific treatment effects). Let X be a vector of covariates, G ∈
{1, . . . ,D} a variable indexing assignment to a group, and A ∈ {0,1} a binary treatment.
Let Y(0), Y (1) ∈ ℝ be potential outcomes corresponding to treatment assignments A = 0
and A = 1, respectively, and let Y = AY(1) + (1 − A)Y (0) be the observed outcome. The
observed data are, therefore, O = (X,G,A,Y ). The causal parameter of interest is the group-
specific average treatment effect, denoted in terms of potential outcomes as, for d ∈ 𝒟 =
{1, . . . ,D},

ψ∗
d (P ) = EP

[︁
Y(1) − Y(0)|G = d

]︁
.

Let μP (a, d,X) = EP [Y | A = a,G = d,X]. Then under standard causal assumptions (con-
ditional ignorability and positivity), the parameter ψd(P ) is identified in terms of only ob-
servable variables as, for d ∈𝒟,

ψd(P ) = EP

[︁
μP (1, d,X) − μP (0, d,X) | G = d

]︁
.
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EXAMPLE 3 (Indirectly standardized outcomes). Let X be a vector of covariates and
A ∈ 𝒟 = {1, . . . ,D} a categorical treatment indicator. Let {Y(a) : a ∈ 𝒟} be a set of potential
outcomes corresponding to each of the treatment assignments and Y = Y(A) be the outcome
under the observed treatment assignment. The observed data comprise O = (X,A,Y ).

Let Z ∼ PA|X be a random draw from the conditional distribution of the treatment assign-
ment, given covariates. Let Y(Z) be the potential outcome under the stochastic intervention in
which the individual was reassigned to treatment Z (which possibly differs from the observed
treatment assignment A). The target causal parameter is defined as

ψ∗
d (P ) = EP

[︁
Y(Z)|A = d

]︁
.

That is, ψ∗
d (P ) is the expected outcome if, possibly contrary to fact, all observations from

group d were randomly reassigned to an alternative treatment Z.
Let μP (X) = EP [Y | X]. Then ψ∗(P ) is identified using only observable variables as

ψd(P ) = EP

[︁
μ(X)|A = d

]︁
.

The parameter ψd is sometimes referred to as an indirectly standardized outcome. As
discussed in the Introduction, one application of this parameter is in provider profiling, where
the observations are patients with baseline characteristics X who were treated at healthcare
provider A and experienced the outcome Y . One way of evaluating the performance of a
provider is to ask what would have happened if the population of patients who were treated
by that provider had instead been randomly reassigned for treatment to another provider that
tends to treat a similar patient population. This counterfactual parameter can be estimated
by comparing ψd(P ) to the mean outcome of patients treated at the provider, for example,
through the difference ψd(P ) − EP [Y | A = d] (Daignault and Saarela (2017), Díaz (2024),
Susmann et al. (2025)).

Penalized parameter. We now define a novel penalized parameter defined in terms of the
original parameter ψ . For any P ∈ ℳ, define the penalized parameter ψ̃λ ∈ ℝ

|𝒟| as the
solution to the following optimization problem:

ψ̃λ(P ) = arg min
ψ̃∈ℝ|𝒟|

Uλ

(︁
ψ(P ), ψ̃

)︁
,(1)

where the optimization objective Uλ : ℝ|𝒟| ×ℝ
|𝒟| → ℝ is the map

(x, x̃) ↦→ Uλ(x, x̃) = L(x, x̃) + Vλ(x̃).

The loss function L : ℝ|𝒟| × ℝ
|𝒟| → ℝ measures the fidelity of the penalized parameter to

the original parameter, and Vλ :ℝ|𝒟| → ℝ is a penalization term. The tuning parameter λ ∈ Λ

controls the strength of the penalization. Typically, Λ = ℝ>0; that is, λ is a positive number,
with higher values of λ implying stronger penalization. Further assumptions may be neces-
sary to assure that the optimization problem in (1) has a unique solution and that subsequently
ψ̃(P ) is well defined. We first consider the case where the penalization parameter λ is fixed
and user-defined. After developing theory for the case of fixed λ, we apply the results to
suggest optimal data-adaptive methods for choosing λ.

3. General results. In this section we review foundations from semiparametric effi-
ciency theory, which we then apply to derive the semiparametric efficiency bound for estimat-
ing the penalized parameter ψ̃λ at the true data-generating distribution P0 under sufficiently
smooth choices of loss function and penalty term. A general estimator based on one-step es-
timation that achieves the efficiency bound is presented in Section 2 of the Supplementary
Material. Accessible and high-quality reviews of the relevant semiparametric theory, with an
emphasis on applications to causal inference, can be found in Kennedy (2016, 2024). Other
key references include van der Vaart and Wellner (1996), van der Vaart (1998), Bickel et al.
(1998).
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3.1. Semiparametric efficiency theory and one-step estimation. For the purposes of intro-
ducing the principal concepts, consider a generic statistical functional ϕ : ℳ →ℝ

p (for p ≥
1). We focus on functionals that are sufficiently smooth so as to be pathwise differentiable,
as this is a crucial property that allows for the derivation of nonparametric efficiency bounds.
To introduce pathwise differentiability, for every P ∈ ℳ and s ∈ L2

0(P ), s bounded and not
identically zero, define a parametric submodel 𝒫s = {Ps,ϵ : ϵ ∈ ℝ

p,∥ϵ∥∞ < ∥s∥−1∞ } ⊂ ℳ,
where dPs,ϵ = (1 + ϵ⊤s) dP . Note that 𝒫s is a fluctuation of P in the direction s, in the
sense that Ps,ϵ = P at ϵ = 0 and the score of Pϵ,s at ϵ = 0 is s. We call ϕ pathwise differen-
tiable at P if there exists a functional D∗

ϕ(P ) : 𝒪 → ℝ
p with mean zero and finite variance

referred to as an influence curve such that, for every s, the following derivative exists and can
be expressed as

∂

∂ϵ
ϕ(Ps,ϵ)|ϵ=0 = EP

[︁
s(O)D∗

ϕ(P )(O)⊤
]︁
.

Because every s ∈ L2
0(P ) induces a fluctuation model 𝒫s , if the derivative exists, then D∗

ϕ(P )

is unique and is referred to as the efficient influence function of ϕ at P . A key result of
semiparametric efficiency theory is that the asymptotic covariance of any regular estimator
of ϕ(P ) is lower bounded by the variance of the efficient influence function,

σ 2
ϕ(P ) = EP

[︁
D∗

ϕ(P )(O)D∗
ϕ(P )(O)⊤

]︁
.

When a parameter is pathwise differentiable, the influence curve serves as the first-order term
of a type of distributional Taylor expansion of the parameter. Formally, for any P1,P2 ∈ ℳ,
write

ϕ(P1) − ϕ(P2) = (P1 − P2)Dϕ(P1) + R(P1,P2),(2)

for an influence function Dϕ(P1) : 𝒪 → ℝ
p of ϕ at P and second-order remainder term

R : ℳ × ℳ → ℝ
p . The remainder term is called second order because R is is a function

only of squares or products of differences in its arguments. This expansion is sometimes
referred to as the von Mises expansion of the parameter (von Mises (1947)).

Our analyses of the semiparametric efficiency properties of the proposed penalized param-
eters, therefore, proceeds in two steps: first, we establish whether the parameter is pathwise
differentiable, and, if so, derive the form of its efficient influence function and the associated
second-order remainder term. By characterizing the form the EIF and the remainder term, we
can propose estimators and, subsequently, establish conditions under which that estimator is
consistent, efficient, and asymptotically normal.

In this work we focus on penalized parameters defined with respect to an underling pa-
rameter ψ that is pathwise differentiable and admits a von Mises expansion of the form (2).
For the three example target parameters, we give below the form of their associated efficient
influence functions and the remainder term of the von Mises expansion.

EXAMPLE 1 (Nonparametric regression coefficient, continued). Let πP (X(−d)) =
EP [Xd | X(−d)] and μP (X(−d)) = EP [Y | X(−d)]. The parameter ψd is pathwise differen-
tiable with efficient influence function D∗

ψd
at P characterized by

D∗
ψd

(P )(O) = {︁
Xd − πP (X(−d))

}︁{︁
Y − μ(X(−d))]}︁.

Furthermore, ψd satisfies a von Mises expansion with remainder term Rd for any P,P0 ∈ ℳ
characterized by

Rd(P0,P ) = EP0

[︁{︁
πP (X(−d)) − π0(X(−d))

}︁{︁
μP (X(−d)) − μ0(X(−d))

}︁]︁
.
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EXAMPLE 2 (Group-specific treatment effects, continued). Fix d ∈ 𝒟. Let πP (d, a,X) =
P(A = a | G = d,X) and μP (d, a,X) = EP [Y | A = a,G = d,X]. The parameter ψd is
pathwise differentiable with efficient influence function D∗

ψd
at any P ∈ ℳ characterized by

D∗
ψd

(P )(O) = 𝕀[G = d]
P(G = d)

[︃
2A − 1

πP (d,A,Y )

(︁
Y − μP (G,A,X)

)︁

+ μ(d,1,X) − μ(d,0,X) − ψd(P )

]︃
.

The parameter ψd satisfies a von Mises expansion with remainder term Rd for any P,P0 ∈ ℳ
characterized by

Rd(P0,P ) = ∑︂
a∈{0,1}

2a − 1

P(G = d)
EP0

[︃
𝕀[A = d]

{︃
1

πP (d, a,X)
− 1

π0(d, a,X)

}︃

× {︁
μ0(d, a,X) − μP (d, a,X)

}︁
π0(d, a,X)

]︃
.

EXAMPLE 3 (Indirectly standardized outcomes). Fix d ∈ 𝒟. Let πP (a,X) = P(A = a |
X) and μP (X) = EP [Y | X]. The indirectly standardized outcome parameter ψd is pathwise
differentiable (Susmann et al. (2025)) with efficient influence function D∗

ψd
at any P ∈ ℳ

characterized by

D∗
ψd

(P )(O) = 1

P(A = d)

{︁
πP (d,X)

(︁
Y − μP (X)

)︁ + 𝕀[A = d](︁μP (X) − ψd(P )
)︁}︁

.

The parameter ψd satisfies a von Mises expansion with remainder term R for any P,P0 ∈ ℳ
characterized by

Rd(P0,P ) = EP0

[︃
1

P(A = d)

(︁
πP (d,X) − π0(d,X)

)︁(︁
μ0(X) − μP (X)

)︁]︃
.

3.2. Pathwise differentiability of general penalized parameters. In the following theo-
rem, we provide conditions under which ψ̃λ is pathwise differentiable and provide the form
of its EIF when the penalization tuning parameter λ is fixed. Theory for the fixed λ scenario
is useful for two reasons. First, doing so leads to strategies for choosing λ data-adaptively.
Second, as we show in the next section, when λ is itself estimated from the data and applied
to form a penalized parameter ψ̃λ, the uncertainty arising from estimating λ is asymptotically
negligible; in other words, under mild conditions the estimated λ can be treated as fixed, and
the results proved here for fixed λ can be applied.

The following theorem and its conditions are an adaption of Susmann and Chambaz
((2023), Theorem 1). The proof is a straightforward application of the proof of that theo-
rem and is, therefore, omitted.

THEOREM 3.1 (Efficient influence function of ψ̃λ for fixed λ). Fix λ ∈ Λ. Assumptions:

1. The parameter ψ is pathwise differentiable at any P ∈ ℳ with EIF D∗
ψ(P ) : 𝒪 → ℝ

|𝒟|.
2. For every x ∈ ℝ

|𝒟|, the following conditions are met:
(a) x̃ ↦→ Uλ(x, x̃) is differentiable at every x̃ with derivative U̇λ(x, x̃) ∈ℝ

|𝒟|.
(b) x̃ ↦→ U̇λ(x, x̃) is differentiable at every x̃ with derivative Üλ(x, x̃) ∈ℝ

|𝒟|×|𝒟|.
In addition, for every x̃ ∈ ℝ

|𝒟|, it holds that:
(a) x ↦→ U̇λ(x, x̃) is differentiable at every x ∈ ℝ

|𝒟| with derivative ∇U̇λ(x, x̃) ∈ ℝ
|𝒟|,

and ∇U̇λ(x, x̃) is invertible.
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Then the functional P ↦→ ψ̃λ(P ) is pathwise differentiable at every P ∈ ℳ with an efficient
influence function D∗

ψ̃λ
(P ) at P given by

O ↦→ D∗
ψ̃λ

(P )(O) = M−1[︁∇U̇λ

(︁
ψ(P ), ψ̃(P )

)︁ × D∗
ψ(P )(O) + U̇λ

(︁
ψ(P ), ψ̃(P )

)︁]︁
,

where the normalizing matrix M is given by

M = −Üλ

(︁
ψ(P ), ψ̃(P )

)︁
.

The required pathwise differentiability of ψ (Assumption 1) must be verified separately
for the specific choice of underlying parameter, as we have done for the three examples.
Assumption 2, requiring that various derivatives of objective function exist, must be verified
for each choice of loss function and penalty term.

In Section 2 of the Supplementary Material, we describe a one-step estimator for ψ̃λ when
λ is fixed that, under mild conditions, is consistent, asymptotically normal and achieves the
nonparametric efficiency bound implied by the form of the EIF given in Theorem 3.1. In the
following we focus on the scenario in which the tuning parameter is chosen data-adaptively.

4. 𝑳2 penalty. In many real-world scenarios, we wish to choose the penalization tuning
parameter data-adaptively in order to yield an estimator with desirable finite-sample prop-
erties. In this section we consider the choice of tuning parameter when using the L2-norm
penalty. We start with the L2-norm because its infinite differentiability leads to particularly
tidy results. Throughout, we use a squared-error loss function L(x, x̃) = ∥x − x̃∥2

2. For the
penalty term, let V2(x̃) = λ∥x̃∥2

2. Begin by fixing a λ ≥ 0. The objective function is then

Uλ(x, x̃) = ∥x − x̃∥2
2 + λ∥x̃∥2

2,

and the optimization problem (1) has the solution, for any P ∈ ℳ,

ψ̃λ(P ) = 1

1 + λ
ψ(P ).

Applying Theorem 3.1 (Assumption 2 thereof easily verified due to the infinite differentia-
bility of the L2-norm) shows that the EIF of ψ̃λ is simply the scaled EIF of ψ ,

D∗
ψ̃λ

(P )(O) = 1

1 + λ
D∗

ψ(P )(O).(3)

Indeed, the machinery of Theorem 3.1 isn’t necessary to derive the above EIF, as it follows
straightforwardly from the fact that ψ̃λ is simply a scaled version of λ.

In practice, we often do not have a value of λ fixed a priori; rather, we wish to choose λ

data-adaptively. We propose choosing λ by minimizing the following criterion as a function
of λ, which we denote Crit:

Crit
(︁
λ,ψ(P ), σ 2

ψ(P ),n
)︁ = λ2

(1 + λ)2

⃦⃦
ψ(P )

⃦⃦2
2 + 1

n(1 + λ)2 tr
(︁
σ 2

ψ(P )
)︁
,

where n ≥ 0. The data-adaptive choice of λ is then given by

λ∗ = arg min
λ≥0

Crit
(︁
λ,ψ(P ), σ 2

ψ(P ),n
)︁
.

We argue that this is a useful way to choose λ because the criterion can be understood as an
asymptotically valid approximation of the mean-squared error of an estimator of ψ̃λ relative
to the true parameter value ψ . To illustrate this, for any P ∈ ℳ, define for the MSE of an
estimator ψ̃λ,n of ψ̃λ(P ) relative to ψ(P ) as

MSE
(︁
ψ̃λ,n,ψ(P )

)︁ = Bias
(︁
ψ̃λ,n,ψ(P )

)︁2 + Variance(ψ̃λ,n),(4)
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where Bias(ψ̃λ,n,ψ(P ))2 = ∥EP [ψ̃λ,n] − ψ(P )∥2
2, Variance(ψ̃λ,n) = tr(Var[ψ̃λ,n]), and tr is

the matrix trace operator. An asymptotically normal and efficient estimator ψ̃λ,n of ψ̃(P )

satisfies
√

n
(︁
ψ̃λ,n − ψ̃λ(P )

)︁ d→ N
(︁
0, σ 2

ψ̃λ
(P )

)︁
.

Therefore, an asymptotically valid estimate of the variance of ψ̃λ,n is σ 2
ψ̃λ

(P )/n. Using this

as an estimate of the variance yields a simple form for the MSE (4),

λ2

(1 + λ)2

⃦⃦
ψ(P )

⃦⃦2
2 + 1

n(1 + λ)2 tr
(︁
σ 2

ψ̃λ
(P )

)︁ = Crit
(︁
λ,ψ(P ), σ 2

ψ(P ),n
)︁
.(5)

Therefore, minimizing Crit as a function of λ can be seen as minimizing an asymptotic ap-
proximation of the MSE of the penalized estimator relative to the true parameter. The major
caveat with this choice is that it depends on an asymptotic approximation of the variance of
the estimator.

Conveniently, there is a closed-form solution for the value of λ that minimizes Crit. To
express the closed form solution succinctly, first define, for any P ∈ ℳ such that ∥ψ(P )∥2

2 >

0, the parameter γ : ℳ → ℝ as

P ↦→ γ (P ) = tr(σ 2
ψ(P ))

∥ψ(P )∥2
2

.

The parameter γ is interesting in its own right as a summary of the efficiency bound of ψ

relative to the overall scale of ψ , and its squared root is often referred to as the coefficient of
variation. In addition, it is useful because the value of λ that minimizes the MSE given in (5)
is a simple function of γ (P ),

λ∗(︁
γ (P ),n

)︁ = 1

n
× γ (P ).

For intuition, λ∗(γ (P ), n) has a simple interpretation as the ratio of the sum of the (approxi-
mate) variance of the estimator of each parameter divided by sum of squares of the parame-
ters. Thus, when the variance is low relative to the magnitude of the parameter, less shrinkage
is applied and vice versa when the variance is high.

We continue by studying the semiparametric efficiency properties of the parameter γ .
Because γ is a differentiable function of ψ and σ 2

ψ , it follows that it will be pathwise dif-

ferentiable so long as the same holds for ψ and σ 2
ψ . The following theorem formalizes this

result.

LEMMA 4.1 (Efficient influence function of γ ). For all d = 1, . . . ,D, assume that σ 2
ψd

is
pathwise differentiable at any P ∈ ℳ with EIF D∗

σ 2
ψd

(P ) : 𝒪 → ℝ. Then the parameter γ is

pathwise differentiable with EIF D∗
γ (P ) : 𝒪 → ℝ at P ∈ℳ characterized by

O ↦→ D∗
γ (P )(O) = −2 × tr(σ 2

ϕ(P ))

∥ψ(P )∥3
2

D∑︂
d=1

D∗
ψ,d(P )(O) +

∑︁D
d=1 D∗

σ 2
ϕd

(P )(O)

∥ψ(P )∥2
2

.

We can now go one step further and derive the EIF of the penalized parameter ψ̃λ∗ , the
penalized parameter where the optimizer λ∗(γ (P ), n) is chosen as the penalization parameter.
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THEOREM 4.2 (Efficient influence function of ψ̃λ∗). Fix n > 0. For any P ∈ ℳ, set
λ∗ = 1

n
γ (P ). The parameter ψ̃λ∗ is pathwise differentiable at P with EIF D∗

ψ̃λ∗ (P ) : 𝒪 →
ℝ

|𝒟| characterized by

D∗
ψ̃λ∗ (P )(O) = 1

1 + λ∗ D∗
ψ(P )(O) − 1

n
× ψ(P )

(1 + λ∗)2 D∗
γ (P )(O).

The first term of the EIF for ψ̃λ∗ is simply the EIF of the original parameter scaled by λ∗;
this term can be interpreted as representing uncertainty in estimating ψ̃λ∗ when λ∗ as fixed, as
in (3). The second term represents uncertainty in estimating λ∗. Notably, this term is scaled
by 1/n. This suggests that the second term of the EIF will be negligible as n increases.

An estimator of ψ̃λ∗ could be constructed using the full EIF of ψ̃λ∗ given in Theorem 4.2
(e.g., using the one-step approach described in Section 2 of the Supplementary Material).
However, doing so would require estimating D∗

γ , which may be difficult or involve estimating
additional nuisance parameters beyond those required for estimating ψ , D∗

ψ and λ∗. There-
fore, we propose forming a simpler estimator that disregards the D∗

γ term. We subsequently
prove that ignoring this term is justified in an asymptotic analysis.

To form the estimator, suppose that we have an asymptotically normal and efficient esti-
mator ψn of ψ0 and a consistent estimator γn of γ0. We propose setting the penalty term to
λ∗

n = 1
n
γn and estimating ψ̃λ∗

n
by simply scaling ψn by the estimated shrinkage factor,

ψ̃λ∗
n,n = 1

1 + λ∗
n

ψn.

To justify this simplified estimator, we prove the following alternative decomposition of the
penalized parameter that shows, if the original parameter admits a von Mises expansion, then
the penalized parameter satisfies a similar expansion that differs only by terms related to λ∗.
The proof is provided in Section 3.1 of the Supplementary Material.

THEOREM 4.3. Suppose that ψ satisfies a von Mises expansion of the form (2) with EIF
D∗

ψ and second-order remainder R. Fix n > 0, and let λ∗ = 1
n
γ (P ). Let ψ̃λ∗ = 1

1+λ∗ ψ(P ),

and assume that ψ̃λ satisfies a von Mises expansion with EIF D∗
ψ̃

and second-order remain-

der Rψ̃ . Then the parameter ψ̃λ∗ satisfies the following expansion:

ψ̃λ∗(P1) − ψ̃λ∗(P2) = −P2

[︃
1

1 + λ∗(P1)
D∗

ψ(P1)

]︃
+

{︃
1

1 + λ∗(P1)
− 1

1 + λ∗(P2)

}︃
ψ(P2)

+ 1

1 + λ∗(P1)
R(P1,P2).

This result is notable because, as n → ∞, the decomposition converges to

ψ̃λ∗(P1) − ψ̃λ∗(P2) = −P2
[︁
D∗

ψ(P1)
]︁ + R(P1,P2).

The proof is given in Section 3.1 of the Supplementary Material. Asymptotic consistency,
normality and efficiency, therefore, follows for ψ̃λ∗

n
under the same conditions necessary for

the original parameter ψ , with the only other condition necessary being that an estimator
γn of γ0 does not diverge This is formalized in the following theorem, which establishes
conditions under which ψ̃λ∗ is asymptotically normal and efficient estimator of ψ0.

THEOREM 4.4 (Asymptotic normality and efficiency of ψ̃λ∗
n

for L2-penalization). Let
ψn and γn be estimators of ψ0 and γn, respectively. Let λ∗

n = 1
n

× γn. Assume each of the
following:
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1. The estimator ψn is asymptotically normal and efficient,
√

n(ψn − ψ0)
d→ N

(︁
0, σ 2

ψ,0
)︁
.

2. The estimator γn converges: there exists a γ∞ with ∞ < γ∞ < ∞ such that γn − γ∞ =
oP (1).

Then ψ̃λ∗
n,n = 1

1+λ∗
n
ψn is an asymptotically normal and efficient estimator of ψ0,

√
n(ψ̃λ∗

n
− ψ0)

d→ N
(︁
0, σ 2

ψ,0
)︁
.

PROOF. By assumption, γn − γ∞ = oP (1). Therefore, λ∗
n = oP (1), and furthermore, the

shrinkage factor 1/(1 + λ∗
n) = 1 + oP (1). Thus, Slutsky’s theorem and the fact that the esti-

mator of ψ is asymptotically normal and efficient implies the stated result. □

Establishing conditions under which Assumption 1 holds depends on the underlying pa-
rameter of interest. Typically, convergence of γn, required by Assumption 2, will hold under
weak assumptions; indeed, γn will typically be a consistent estimator of γ0 under the same
assumptions necessary for Assumption 1. In the interest of generality, Theorem 4.4 is stated
in terms of a generic asymptotically efficient estimator ψn of ψ0. Alternatively, one could
use the expansion in Theorem 4.3 to construct an estimator of ψ̃0, for example, by using a
one-step estimation strategy.

Based on the asymptotic normality result of Theorem 4.4, a straightforward and asymp-
totically valid (1 − α) × 100% confidence interval for ψ can be formed using the estimated
variance of the unpenalized parameter estimate,

C1−α(ψ̃λ∗
n
) =

(︃
ψ̃λ∗

n
− q1−α

√︄
σ 2

d,n

n
, ψ̃λ∗

n
+ q1−α

√︄
σ 2

d,n

n

)︃
,(6)

where σ 2
d,n is an estimate of the efficiency bound of ψd . Assuming that we have access to an

asymptotically normal and efficient estimator of ψd , then such an estimate of the efficiency
bound is typically available through the estimator’s reported standard error. This is similar
to the recent proposal in Kaplan and Liu (2024) for forming confidence intervals of biased
parameters that are centered on the biased parameter estimate but use the standard error of
the original (unbiased) estimator to determine the confidence interval width.

The above confidence interval is asymptotically valid, but not entirely satisfying, as it has
the same width as a confidence interval for the unpenalized parameter. As an alternative, we
can form a narrower confidence interval based on the estimated shrinkage factor,

C′
1−α =

(︃
ψn − q1−α

1 + λ∗
n

√︄
σ 2

d,n

n
,ψn + q1−α

1 + λ∗
n

√︄
σ 2

d,n

n

)︃
.

The asymptotic validity of the confidence interval follows from the same logic as the proof
of Theorem 4.4.

In some applications the fact that the penalized estimator ψ̃λ∗
n

shrinks all estimates by the
same factor 1/(1 + λ∗

n) may not be desirable. Instead, we may wish to shrink each estimate
in a manner proportional to the precision of the estimate. To propose such an estimator, note
that we can rewrite the penalized parameter in the following form:

ψ̃λ∗
n
(P ) = 1

1 + λ∗
n(P )

ψ(P )

=
1
D

∥ψ(P )∥2
2

1
D

∥ψ(P )∥2
2 + 1

D

∑︁D
d ′=1

1
n
P [D∗

ψ,d ′(P )2]ψ(P ).
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In this form the shrinkage is recognizable as the ratio involving the variance of the original
parameter ψ around zero and the mean of the approximate estimator variances. This form also
suggests a simple modification to allow for variable shrinkage. For a parameter ψd (d ∈ 𝒟),
estimate the shrinkage using the approximate estimator variance of only ψd ,

ψ̃eb
d (P ) =

1
D

∥ψ(P )∥2
2

1
D

∥ψ(P )∥2
2 + 1

n
P [D∗

ψ,d(P )2]ψ(P ).

This estimator has a natural connection to empirical Bayes, as it can be interpreted as the
posterior mean of ψd under a normal observation model with ψd,n ∼ N(ψd,P [D∗

ψ,d(P )]2)

and prior θd ∼ N(0, τ 2). In practice, given an asymptotically normal and efficient estimator
ψn of ψ0 with estimated standard errors σ 2

n , we form the empirical Bayes estimator

ψ̃eb
d,n =

1
D−1∥ψn∥2

2
1

D−1∥ψn∥ + σd,nd2
ψn.

Confidence intervals can be formed as before, but plugging in the d-specific shrinkage factors
such that their length adapts to the precision of the estimates of the parameters.

5. 𝑳1 penalty. In this section we consider penalized parameter defined with an L1
penalty term. As before, we combine the penalty term with the squared-error loss function
L(x, x̃) = ∥x − x̃∥2

2. Let V1(x̃) = λ∥x̃∥1
1 where λ ≥ 0 is fixed. The objective function is then

U(x, x̃) = ∥x − x̃∥2
2 + λ∥x̃∥1

1.

That the objective is not differentiable everywhere means we cannot apply Theorem 3.1 to
find an EIF for ψ̃ , which precludes the type of analysis we were able to conduct in the pre-
vious section for the L2 penalty. We proceed instead by noting that the penalized parameter
has a closed form solution

ψ̃d(P ) = Sλ

(︁
ψd(P )

)︁
,

where Sλ :ℝ → ℝ is the soft-thresholding operator

x ↦→ Sλ(x) =

⎧⎪⎪⎨
⎪⎪⎩

x + λ, x < −λ,

0, |x| ≤ λ,

x − λ, x > λ.

When applied to a vector (i.e., for Sλ : ℝd → ℝ
d ) the soft-thresholding operator is to be

understood as applying elementwise. This solution shows that the penalized parameter simply
shifts the original parameter toward zero by the amount λ, unless the original parameter is
already within λ of zero, in which case it is shrunk identically to zero.

As in the L2 case, we propose a data-driven approach for choosing λ. Our goal is to pick
a λ that reduces the finite-sample variance of the penalized parameter with respect to the
original parameter. In addition, the L1 penalty may induce a parameter that is sparse, in the
sense that it may contain more zeros than the original parameter. We seek an estimator that
converges asymptotically to the original parameter by choosing λ data-adaptively such that λ

converges to zero with sample size.
Our method for choosing λ involves approximating the finite-sample bias and variance of

an estimator of ψ̃λ depending on the choice of λ. The nonpathwise differentiability of ψ̃λ in
this context precludes the approach we took for the L2-penalized parameter; accordingly, we
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need to make a bolder approximation. An asymptotically normal and efficient estimator ψd,n

of ψd(P ), for d ∈ 𝒟, has a limiting distribution given by

√
n
(︁
ψn − ψ(P )

)︁ d→ N
(︁
0, σ 2

ψ,d(P )
)︁
.

Based on this, we approximate the finite-sample distribution of ψd,n by the normal distribu-
tion,

Zd ∼ N

(︃
ψd(P ),

1

n
σ 2

ψ,d(P )

)︃
.

Suppose that we apply the soft-thresholding operator Sλ to Zd , yielding a transformed ran-
dom variable Sλ(Zd). In Section 4 of the Supplementary Material, we give closed forms for
the mean and variance of Sλ(Zd) as a function of λ and the mean and variance of Sλ(Zd),
which we denote μλ(ψd(P ), σ 2

ψ,d, n)] and σ 2
λ (ψd(P ), σ 2

ψ,d, n). We propose setting the tun-
ing parameter λ to the value λ∗

n that minimizes the following criterion:

Crit
(︁
λ,ψ(P ), σ 2

ψ(P ),n
)︁ =

D∑︂
d=1

[︁(︁
μλ

(︁
ψd(P ), σ 2

ψ,d, n
)︁ − ψd(P )

)︁2 + σ 2
λ

(︁
ψd(P ), σ 2

ψ,d, n
)︁]︁

.

The tuning parameter λ is then set to be the minimizer of the above criterion,

λ∗(︁
ψ(P ),σ 2

ψ(P ),n
)︁ = arg min

λ≥0
Crit

(︁
λ,ψ(P ), σ 2

ψ(P ),n
)︁
.(7)

The criterion can be interpreted as an approximation of the mean-squared error of the soft-
thresholded estimator relative to the original parameter. The minimizer of the above opti-
mization problem does not have a closed form solution; in practice, we solve it numerically.

We propose estimating λ∗ by the plug-in estimator λ∗
n = λ∗

n(ψn,σ
2
ψ,n, n) based on esti-

mates ψn and σ 2
ψ,n of ψ0 and σ 2

ψ,0. The estimated λ∗
n can then be applied to soft-threshold

the initial estimates of ψn,

ψ̃λ∗
n
= Sλ∗

n
(ψn).(8)

The following theorem establishes the asymptotic normality and efficiency of the proposed
estimator.

THEOREM 5.1 (Asymptotic normality and efficiency of ψ̃λ∗
n

for L1-penalization). Let ψn

and σ 2
ψ,n be estimators of ψ0 and σ 2

ψ,0, respectively. Let λ∗
n and ψ̃λ∗

n
be defined as in (7) and

(8). Assume each of the following:

1. There exists at least one nonzero ψd,0: ∥ψ0∥∞ > 0.
2. The estimator ψn is an asymptotically normal and efficient,

√
n(ψn − ψ0)

d→ N
(︁
0, σ 2

ψ,0
)︁
.

3. The estimator σ 2
ψ,n is consistent: ∥σ 2

ψ,n − σ 2
ψ,0∥∞ = oP (1).

4. The estimators λ∗
n nearly minimize the minimization criterion, in the sense that

Crit
(︁
λ∗

n,ψn,σ
2
ψ,n, n

)︁ ≤ inf
λ≥0

Crit
(︁
λ,ψn,σ

2
ψ,n, n

)︁ + oP (1).

Then it follows that ψ̃λ∗
n

is an asymptotically normal and efficient estimator of ψ0,

√
n(ψ̃λ∗

n
− ψ0)

d→ N
(︁
0, σ 2

ψ,0
)︁
.
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The proof is given in Section 3.2 of the Supplementary Material. Assumption 1 is neces-
sary only to ensure that the limiting criterion function has a unique minimizer. Otherwise, if
all the ψd,0 are zero, then the limiting criterion function is constant, and any λ ≥ 0 is a mini-
mizer. This assumption could be removed by modifying the criterion to penalize large values
of λ. Assumptions 2 and 3 are equivalent to the assumptions for Theorem 4.4. Assumption 4
is a weak assumption that we expect to hold in practice.

Asymptotically valid confidence intervals for the soft-thresholded estimator can be formed
using the estimated standard errors for the unpenalized parameter, as in (6).

6. Simulation studies. We investigated the finite-sample performance of the proposed
L1 and L2 penalized estimators for each of the parameters from Examples 1, 2, and 3. In this
section we include Simulation Study 1, for the nonparametric linear association parameter
of Example 1, and Simulation Study 3, for the third example concerning indirectly standard-
ized outcomes and motivated by the provider profiling application. Simulation Study 2, for
the group-specific average treatment effect example, is included in Section 5 of the Supple-
mentary Material (Susmann et al. (2026)). Reproduction materials for the simulation studies
are available at https://github.com/herbps10/efficient_penalized_estimation_paper and in the
Supplementary Material.

6.1. Simulation study 1: Nonparametric linear association. In this simulation we directly
compare our proposed approach to penalized regression methods. The target parameter is the
scaled nonparametric regression coefficient of Example 1, where for each d ∈ 𝒟, the param-
eter is EP [CovP (Y,Xd | X(−d))/EP [VarP (Y | Xd)]. The scaling by the expected variance is
introduced such that the parameter is equal to the coefficient β̂d of a main-terms linear re-
gression of Y on X, allowing us to directly compare our approach to traditional penalized
linear regression estimators.

The simulation setup is a sparse linear regression scenario. Let X = (X1, . . . ,X100)
T be

a row vector of covariates, where Xk ∼ Binomial(0.5) for k = 1, . . . ,100. Let β ∈ ℝ
K be a

vector of coefficients, and draw Y = βX + ϵ where ϵ ∼ N(0, σ 2). The regression coefficients
are fixed at the beginning of each simulation by drawing βk ∼ Binomial(θ) with θ = 30%.
The simulation study tested all combinations of sample size N ∈ {50,100,250,500} and
noise standard deviation σ ∈ {0.5,1,3}.

To implement the penalized estimators, we need a nonparametric estimator of the nonpara-
metric linear association that is asymptotically normal and efficient. Section 2 of the Supple-
mentary Material describes such an estimator based on one-step estimation. The nuisance
parameters are estimated using L1-regularized generalized linear regressions with tuning pa-
rameters chosen via cross-validation, using the implementation in the glmnet R package
(Friedman, Tibshirani and Hastie (2010), Tay, Narasimhan and Hastie (2023)). The unpe-
nalized estimator is then adjusted using the proposed penalization methods to form L1- and
L2-regularized estimators of ψ̃d .

As a benchmark, we estimated the linear association parameters by fitting L1- and L2-
regularized main-terms linear models of Y with respect to covariates X and an intercept term,
and take the estimated coefficient β̂d as an estimate of the corresponding linear association
parameter ψd,0. The tuning parameters were chosen by the default cross-validation method
implemented in glmnet. We expect this benchmark estimator to be a consistent estimator of
ψd,0), as the simulation data-generating process is a linear model. We compare our approach
to the benchmark in terms of the estimates mean error (ME), variance (Var), mean squared
error (MSE), and 95% empirical coverage. The comparison method glmnet does not report
confidence intervals by default, so we do not compare our method to glmnet in terms of
empirical coverage.

https://github.com/herbps10/efficient_penalized_estimation_paper
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FIG. 2. Subset of results from Simulation Study 1 for the nonparametric linear association parameter plotting
MSE for all methods with the data-generating process noise size σ = 3.

A subset of the results corresponding to simulations with noise σ = 3 are shown in Fig-
ure 2; a complete table of the results is available as Table 3 in the Supplementary Material.
Our proposed L1 and L2 penalized estimators match or outperform the unpenalized one-step
estimator for all sample sizes and noise levels. The benchmark penalized regressions tended
to achieve slightly lower MSE. The better performance of the benchmark in this setting is
probably because these methods are tuned using cross-validation, which likely provides bet-
ter finite-sample approximations of variance than our method, which chooses the strength of
penalization parameter λ based on an asymptotic approximation.

7. Simulation study 3: Indirectly-standardized outcomes. For the third simulation
study, we adopted a data-generating process described based on the second simulation study
of (Susmann et al. (2025)), which we describe briefly here. We draw simulated datasets of N

i.i.d. patient observations (X,A,Y ) where X ∈ [0,1]5 is a set of five patient covariates drawn
from the joint uniform distribution, A ∈ {1, . . . ,50} indexes the provider, and Y ∈ {0,1} is a
binary outcome. Provider covariates {βa : a = 1, . . . ,50} are drawn as βa ∼ Bernoulli(0.5).
Then, conditional on patient covariates, patients are assigned to a provider with probability
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P(A = d | X), given by

logit(βd,X)) ∝ 1 + 20βd

(︁
1.5𝕀[X1 > 0.4] − 0.5𝕀[X1 > 0.4])︁ + 𝕀[0.4 < X2 < 0.7] − 0.5X5,

suitably normalized such that
∑︁

a g(βa,X) = 1. Then the outcome is drawn from the law

Y | X,A,βA ∼ Bernoulli
(︁
logit−1(︁

0.7𝕀[W1 > 0.7] + 3𝕀[0.4 < X1 < 0.7]
+ X2

2 + (W4 + 1)X5 + 2
(︁−1 + 2𝕀[X1 > 0.7])︁βA

)︁)︁
.

This simulation design incorporates selective assignment of patients to providers according
to their covariates, mimicking differential case-mix between providers, as well as nonlinear
provider assignment and outcome processes, mimicking complex real-world relationships.

The above data-generating process was sampled 250 times for each sample size in N ∈
{3000,5000,9000}. For each simulated dataset, the doubly-robust TMLE method described
in (Susmann et al. (2025)) was applied to estimate the indirectly standardized outcome ratios
for each simulated provider with at least 10 observations. Nuisance parameters were esti-
mated using lightgbm with 200, 100, and 50 iterations, ranger, glm, and gam learners.
These unpenalized estimates were then adjusted using our proposed L2 and L1 penaliza-
tion approach with data-adaptive choice of tuning parameter. As a comparison, we estimated
the indirectly standardized outcome ratios using generalized linear models with either fixed-
or random-effect provider effects using implementations available in the R package pprof,
based on computationally efficient algorithms described in Wu et al. (2022). We also applied
the empirical Bayes adjustment described in Section 4. The results were compared by their
MSE, mean error (ME), and empirical coverage of the 95% confidence intervals. We com-
puted these metrics both overall, for all simulated providers, and in providers stratified by
sample size in order to compare how shrinkage effects perform for small vs. large providers.
For each overall sample size N , we computed the tertiles of the sample sizes for each sim-
ulated provider; we refer to these as “small, ‘medium,” and “large” providers. The metrics
were then calculated independently among providers in each group.

The nonstratified results are shown in Table 1, and several overall trends are noticeable.
First, as expected, the mean error of the L1, L2, and empirical Bayes adjusted estimates is
higher than the unadjusted estimate. At the lowest sample size, the adjusted estimates trade
the higher mean error for lower MSE than the unadjusted estimator, and the L2 method has
lower MSE at all sample sizes than both the unadjusted TMLE estimator and the comparison
fixed-effects estimator. Second, the adjusted estimators (particularly the L2 estimator) out-
perform the comparison random-effects estimator, the state-of-the-art for applying shrinkage
in estimating indirect standardization ratios, by achieving lower MSE, lower mean error, and
better coverage. However, except for the L1 method, both L2 and empirical Bayes do not
achieve the nominal 95% empirical coverage of the unadjusted TMLE.

Next, we turn to the stratified results in which providers are grouped by their observed
sample size (Table 2). By viewing the results stratified by sample size, we can investigate
how the penalization methods impact providers of different sizes. Starting with mean error,
the unpenalized TMLE method and the comparison fixed-effects method have similar error
across all provider sizes. The empirical Bayes method, on the other hand, has the largest
error for small providers and the smallest error for large providers. This matches what we
might expect, given that the empirical Bayes method significantly shrinks low-precision es-
timates while applying little shrinkage to high-precision estimates. The same can be seen for
the random-effects comparison method, which partially pools information between providers
resulting in point estimates that are shrunk proportional to provider size. The L2 method,
on the other hand, applies the same shrinkage factor to all providers. Accordingly, error is
spread somewhat more evenly across provider sizes than the empirical Bayes method. A
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TABLE 1
Results from Simulation Study 3 comparing a fixed effects model, random effects model, the unpenalized TMLE
estimator, L1-regularized estimator, L2-regularized estimator, and empirical Bayes (EB) shrinkage estimator

N TMLE L1 L2 EB Fixed effects Random effects

Mean Squared Error ×100
1500 9.3 7.2 5.2 5.7 12.9 6.8
3000 5.0 5.3 4.2 4.8 6.1 5.6
4500 3.4 3.7 3.2 3.7 4.1 4.6
6000 2.6 2.9 2.6 3.0 3.2 4.0

Mean Error ×100
1500 1.1 8.1 7.9 12.7 −1.9 14.4
3000 3.8 7.2 8.8 12.6 1.8 14.6
4500 3.6 4.9 7.6 11.0 2.9 13.5
6000 3.4 4.1 6.7 9.7 3.9 13.0

95% Empirical Coverage
1500 95.6% 99.6% 87.5% 83.1% 92.9% 66.2%
3000 94.8% 98.3% 85.2% 79.3% 92.2% 76.4%
4500 94.2% 97.0% 87.0% 81.6% 90.2% 79.4%
6000 94.1% 95.9% 86.8% 82.7% 86.4% 77.3%

similar trend holds for the L1 method. In terms of MSE, applying penalization adjustments
improved MSE relative to the unpenalized TMLE and comparison methods. For coverage,
the L1 method tended to be anticonservative for all provider sizes, while the L2 method
was conservative. The empirical Bayes method had near-optimal empirical coverage for large
providers, which is explained by the point estimates and confidence intervals avoiding shrink-
age; on the other hand, the small providers had lower coverage rates, due to more aggressive
shrinkage.

8. Application. In this section we illustrate the real-world utility of our penalization
methods through a healthcare provider profiling application, estimating the standardized
readmission ratios (SRR) for kidney dialysis providers. Briefly, the observed data are a
set of baseline patient covariates X, a treatment variable A ∈ {1, . . . ,D} = 𝒟 that indexes
the dialysis provider seen by each patient, and an outcome variable Y ∈ {0,1} which in-
dicates all-cause unplanned hospital readmission within 30 days of discharge (Y = 1 indi-
cates unplanned readmission, which is considered a negative outcome). Define the indirectly-
standardized outcome ψd for a provider d ∈ 𝒟 as in Example 3. That is, ψd is (under causal
assumptions) the mean unplanned readmission rate if the population of patients treated by
provider d had rather been randomly assigned to another provider according to the observed
provider-assignment mechanism. We then define the centered standardized readmission ratio
(SRR) as the ratio of ψd to the observed readmission rates for patients treated by provider d ,
centered at zero,

SRRd(P ) := ψd(P )

EP [Y | A = d] − 1.

A positive SRR means that the unplanned readmission rate would have been higher if patients
had been randomly assigned to a provider that treated a similar patient mix; this can be
seen as evidence of better performance of provider d relative to its peers treating a similar
population. Similarly, a negative SRR suggests that the unplanned readmission rate would
have been lower if patients were randomly reassigned to another provider.



EFFICIENT PENALIZED ESTIMATION 427

TABLE 2
Results from Simulation Study 3 comparing a fixed effects model, random effects model, the unpenalized TMLE
estimator, L1-regularized estimator, L2-regularized estimator, and empirical Bayes (EB) shrinkage estimator.

Results are stratified by the tertile of the sample size of each provider with respect to the sample sizes of all
simulated providers at the same overall N

Provider sample size N TMLE L1 L2 EB Fixed effects Random effects

Mean Squared Error ×100
Small 1500 20.3 15.6 11.2 11.9 29.0 14.6

3000 10.4 10.8 8.5 9.8 12.9 11.5
4500 6.9 7.5 6.5 7.7 8.4 9.4
6000 5.2 5.8 5.3 6.3 6.5 8.3

Medium 1500 5.3 4.6 3.3 3.7 6.8 4.4
3000 3.8 4.4 3.4 3.8 4.6 4.5
4500 2.7 3.1 2.7 3.1 3.4 3.9
6000 2.1 2.5 2.2 2.5 2.7 3.4

Large 1500 0.7 0.4 0.3 0.6 0.7 0.3
3000 0.3 0.3 0.2 0.3 0.4 0.2
4500 0.2 0.3 0.2 0.2 0.3 0.2
6000 0.2 0.3 0.1 0.2 0.3 0.2

Mean Error ×100
Small 1500 2.5 23.6 20.1 29.0 −5.7 34.7

3000 7.9 19.7 20.0 26.9 2.1 30.2
4500 7.6 14.6 17.2 23.5 3.7 26.3
6000 7.3 12.0 15.2 20.8 5.7 24.5

Medium 1500 0.9 4.7 4.9 7.5 −0.9 8.5
3000 3.7 6.6 8.1 10.5 1.5 12.4
4500 3.4 4.9 7.2 9.5 2.2 12.1
6000 3.1 4.1 6.3 8.4 3.0 11.6

Large 1500 −0.5 −6.0 −3.0 −0.8 1.5 −2.7
3000 −0.6 −5.8 −2.5 −0.8 1.9 −0.3
4500 −0.4 −5.1 −2.0 −0.6 2.6 1.5
6000 −0.5 −4.3 −1.8 −0.6 3.0 2.2

95% Empirical Coverage
Small 1500 96.0% 99.1% 85.3% 66.5% 90.9% 40.6%

3000 94.4% 97.1% 82.1% 60.8% 91.0% 54.8%
4500 93.4% 94.5% 84.2% 66.4% 89.6% 62.1%
6000 93.3% 92.3% 83.8% 70.1% 86.2% 61.3%

Medium 1500 95.5% 99.6% 88.4% 89.7% 93.6% 74.7%
3000 94.2% 97.7% 84.9% 83.0% 91.6% 78.6%
4500 93.9% 96.6% 86.5% 84.0% 91.6% 80.7%
6000 94.6% 95.9% 87.1% 84.5% 89.4% 78.3%

Large 1500 95.2% 100.0% 89.0% 95.2% 94.3% 86.9%
3000 95.8% 100.0% 88.8% 95.7% 94.1% 97.6%
4500 95.2% 99.9% 90.5% 95.1% 89.3% 96.2%
6000 94.3% 99.8% 89.6% 94.1% 83.6% 93.1%

Estimating the above SRR parameter may be difficult, especially for providers with few
patients. In addition, there are typically high policy stakes involved in provider profiling, as
the results may be used to identify underperforming providers for remedial action. Thus, there
is often interest in having any estimates be conservative by shrinking high-variance estimates
toward zero (Normand, Glickman and Gatsonis (1997)). This approach avoids unfairly penal-
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izing small providers who, for example, purely by chance happened to have treated patients
who had a unusually high number of unplanned readmissions.

A popular approach for estimating provider profiling measures with shrinkage is via gener-
alized mixed models with a provider-specific random effect that is shrunk toward zero. How-
ever, as explored in simulations in Susmann et al. (2025), generalized linear models introduce
parametric assumptions on the data-generating process that can lead to biased estimates when
the model is misspecified. In addition, we argue that shrinking the actual parameter of inter-
est, the SRR, toward zero is more interpretable than shrinking the provider-specific random
effects of a generalized linear model, which have a complex interpretation. In addition, the re-
sults of Simulation Study 3 show that linear generalized linear models with provider-specific
random effects can exhibit bias for the SRR that does not show evidence of converging to
zero with sample size.

We analyze data from a Medicare claims dataset from the United States Renal Data System
(USRDS) consisting in dialysis provider treatment records for patients with end-stage renal
disease (ESRD) (U.S. Renal Data System (2022)). These data were previously analyzed in
Susmann et al. (2025) in which nonpenalized SRRs were estimated using doubly robust and
asymptotically consistent estimators. Our analysis dataset comprises all dialysis providers in
New York State with at least 20 observations in the year 2020 (this enlarges our previous
analysis of the same data, which used only those providers with at least 100 observations).
First, we computed nonpenalized estimates of the nonpenalized SRR using the nonparamet-
ric targeted minimum loss-based estimation (TMLE) method described in Susmann et al.
(2025), using cross-fitted ensembles of generalized linear models, regularized generalized
linear models, and gradient boosting trees for nuisance parameter estimation. We then es-
timated the L2-penalized SRR with penalization parameter λ chosen using the data-driven
criterion proposed in Section 4. We also applied the empirical Bayes shrinkage derived in
Section 4 that adaptively shrinks estimates as a function of the standard error. As a compar-
ison, we estimated the SRR using a generalized linear model with provider-specific random
effects.

Results for the nonparametric estimates with L2 penalization and empirical Bayes shrink-
age adjustments are shown in Figure 3. The results are displayed as funnel plots, which plot
the precision of the unpenalized SRR estimator vs. the SRR point estimates, before and after
adjustment. A notable difference in the estimates adjusted by L2 penalization vs. empiri-
cal Bayes shrinkage is in the high-precision estimates. As expected, the L2 penalization is
based on a single penalization parameter λ, which causes all parameters to be shrunk toward
one, including the high-precision estimates. This is not true of the empirical Bayes estimates,
which are shrunk less for high-precision estimates. Each of the methods, therefore, has trade-
offs, and the choice of which to use depends on the goals of the analysis. If the goal is to
minimize false positives when identifying outlying providers, then empirical Bayes may be
a good choice due to its more aggressive shrinkage of low-precision estimates. On the other
hand, if the goal is to increase power, the less extreme shrinkage of the L2 method, applied
uniformly across all providers, may be preferred.

Figure 4 compares estimates of the SRR based on a generalized linear model with provider-
specific random effects vs. the nonparametric estimates adjusted with our proposed L2 and
empirical Bayes shrinkage method. Overall, the estimated SRRs are similar across the meth-
ods. However, compared to both adjustment methods, the random effects model yields atten-
uated SRR estimates that are more conservative than the nonparametric approach. In partic-
ular, several providers that have the highest estimated values using TMLE and L2 penaliza-
tion have lower estimates under the random effects model. These comparisons can be inter-
preted through our theoretical and empirical simulation results. From the theoretical stand-
point, the nonparametric TMLE estimates rely on fewer assumptions than the random effects
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FIG. 3. Funnel plots of standardized readmission ratios (SRR, Section 8) for New York State dialysis providers in
the analysis dataset. In both the top and bottom plots the nonadjusted estimates are derived from a nonparametric
targeted minimum loss-based estimation (TMLE) approach. Then in the top plot, SRR estimates are adjusted
by L2 penalization using the data-adaptive choice of penalization hyperparameter λ proposed in Section 4 and
shrinkage standard errors. In the bottom plot, SRR estimates are shrunk using the empirical Bayes based method
described in Section 4. Vertical lines connect dialysis provider SRR estimates before and after adjustment.

model. Importantly, the nonparametric estimates do not require linearity assumptions. In this
provider profiling example, we find it reasonable that there may be complex interactions and
nonlinear relationships between patient covariates and outcomes, and we, therefore, find the
plausibility of the assumptions necessary for the nonparametric estimation strategy to be more
reasonable than requiring linearity. This conclusion is also supported by the empirical results
from Simulation Study 3, which suggests that the flexibility of the nonparametric estimation
strategy combined with penalization or shrinkage does not incur a trade-off in terms of bias
or variance in a practical scenario.

9. Discussion. Estimating a large set of statistical parameters introduces challenges be-
yond those of estimating a single parameter. To improve estimation, it may be of interest to
trade bias in one of the constituent parameters in favor of controlling the overall variance
across all estimates. In addition, to aid interpretation or communication it may also be of
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FIG. 4. Comparison of standardized readmission tatio (SRR, Section 8) estimates for New York State dialysis
providers in the analysis dataset from a linear model with provider random effects vs. estimates from the nonpara-
metric targeted minimum loss-based estimation (TMLE) approach adjusted via the proposed L2 penalization and
empirical Bayes shrinkage methods.

interest to find a set of point estimates that are sparse, in that estimates statistically indistin-
guishable from zero are shrunk identically to zero. To address these concerns, we introduced a
novel framework for defining regularized statistical parameters via penalization. This frame-
work maintains the substantive focus on the original parameter of interest, and penalized
parameters are introduced as a way to derive estimators with desirable finite properties such
as lower variance and sparsity.

The framework we proposed for regularized estimation was motivated by problems in
healthcare provider profiling, particularly for cases where provider quality metrics are esti-
mated for providers with limited observations. Simulation Study 3 was designed to reproduce
patterns seen in provider profiling applications, including a range of provider sizes and com-
plex, nonlinear relationships between variables. The simulation results demonstrate that the
proposed penalized methods can achieve lower MSE than both the unadjusted doubly-robust
estimator and fixed- and random-effects comparison methods, especially at small sample
sizes. Whether a method that trades increased bias for lower variance, particularly with higher
bias for small providers, will depend on the goals of the specific profiling application. In gen-
eral, the use of shrinkage estimators may be desirable when the reduction of false positives
in detecting outlying providers is preferred. Compared to the dominant extant approach of
fixed- or random-effects modeling, the benefit of our approach is that it allows for the use
of penalization and shrinkage within a fully nonparametric framework that does not rely on
strong functional form assumptions.

The penalized parameters we propose are formulated in a completely nonparametric
framework, and our results are, therefore, applicable in very general settings. One particu-
lar area where they are relevant is causal inference, where the target parameters of interest
are typically a (possibly large) set of low-dimensional summaries of counterfactual quanti-
ties, such as treatment effects. While existing methods such as penalized regression can be
applied to estimate the nuisance parameters required for forming efficient and doubly-robust
causal effect estimators, it is less clear how to apply penalization directly to the causal effect
estimates themselves. Our research fills this gap.

We explored two important examples of penalized parameters that fall within our frame-
work: those defined with L2 and L1 penalization terms. Many other options are available;
considering Lp-norm penalties in more generality would be an immediate extension, or
penalties such as the Elastic-Net penalty or the Huber loss function. Going further, our
framework could be expanded to capture functional parameters (such as those in a Banach or
Hilbert Space) regularized with functional norms.
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Within the L2 and L1 examples we investigated, we proposed data-adaptive approaches
for choosing the penalization hyperparameter λ. We propose choosing λ to go to zero as sam-
ple size increases so that the penalized estimates converge to the unpenalized estimates. This
reflects the fact that the target parameter of interest remains the unpenalized parameter, with
penalization applied only to improve finite-sample performance of the estimator. The data-
driven choices for λ are based on an asymptotically valid approximation of the finite-sample
variance of the unpenalized estimators. For the L2 penalty example, for example, we use
asymptotically-justified variance approximations with the goal of forming an estimator with
better finite-sample performance. The reliance on asymptotic approximations is due to the
generality of our approach in which the key restriction is the pathwise differentiability of the
original parameter, the property that leads to the existence of an EIF for the target parameter
characterizing its efficiency bound. We then use this asymptotic efficiency bound to approxi-
mate finite-sample variance. However, other methods for choosing λ may perform better than
our approach, in particular when cross-validation can be applied. Indeed, results from the first
simulation study show that penalized linear regression tuned with cross-validation can yield
lower MSEs than our proposed estimators. However, the applicability of cross-validation in
that context hinges on the fact that the parameter of interest is identified as a linear regression
coefficient. Cross-validation can then be applied to find an optimal degree of penalization
based on the model’s predictive performance. However, for the other causal target parame-
ters we investigated, it is not clear how cross-validation could be so straightforwardly applied
as the target parameters are low-dimensional summaries of counterfactuals and are not pre-
dictive. The strength of our approach, then, is its general applicability to low-dimensional
target parameters, such as those of interest in causal inference that are typically defined in
terms of counterfactual quantities.
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